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Given adjunctions

A A’
FHG FH &
B B’
we have a correspondence between natural transformations
B—> A—) Fl /
F/
—— B/ —> —> —> B’

e directions are crucial
e bijective correspondence

e respects horizontal and vertical composition

This is neatly summed up using double categories.
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Theorem Kelly—Street
There is an isomorphism of double categories

LAdj = RAdj.

e on 0- and 1-cells: identity
e on 2-cells: take mates
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—the 1-ary part of a cyclic structure.
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—mnatural in all variables.



2. Multivariables

AxB == ¢ Va € A
B xC ==L 4 Vb e B
A xC ==, B Vee O

We can make this cyclically consistent:

a® 1 am_
_®b A [b,_]
[_,c]* 4 _rhe



2. Multivariables

AxB == ¢ Va € A
B xC ==L 4 Vb e B
A xC ==, B Vee O

We can make this cyclically consistent:

A® B* B* C
ce A

a® 1 am_

_®b A [b,_]

[_,c]* 4 _rhe
C A

\f



2. Multivariables

AxB == ¢ Va € A
B xC ==L 4 Vb e B
A xC ==, B Vee O

We can make this cyclically consistent:

B* C
Y]
A

A® B* )
C.
A

a® 1 am_

_®b A [b,_]

[_,c]* 4 _rhe
C A

\ﬁ



2. Multivariables

AxB == ¢ Va € A
B xC ==L 4 Vb e B
A xC ==, B Vee O

We can make this cyclically consistent:

A® B* B* C
ce A
B

a® 1 am_
_®b A [b,_]
[_,c]* 4 _rhe




2. Multivariables

AxB == ¢ Va € A
B xC ==L 4 Vb e B
A xC ==, B Vee O

We can make this cyclically consistent:

A® B* B* C C A
C* A B
C.

a® 1 am_
_®b A [b,_]
[_,c]* 4 _rhe




2. Multivariables

AxB —=2= ( Va € A
B xC ==L 4 Vb e B
A xC ==, B Vee O

We can make this cyclically consistent:

A* B* B* C
Y(g 7). Y]
ce A

a® - afh_
_®b [b,_]
[_,c]* 4 _rhe

C A
\‘/m
B

Note: it is enough to specify these to get everything else.
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has all n-variable left (right) adjoints if
each 1-variable restriction

Folay, ... ak—1, ,Qgi1,...,a,): Ay ——> A]
has a left (right) adjoint.
Then by standard results we get Vi a functor
Ay X o x Ay —2 A
and isomorphisms

Aia (-Fz'—l(&i—l)a ai—l) = A (-Fz'(&i>7 Clz‘)

natural in all variables and commuting like billy-o.
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Definition
A cyclic multicategory M is a multicategory equipped
with

e an involution on objects ( )*

e “cyclic action”: isomorphisms

o: M(xy,- -, xp;20) — M(z2, ..., 2., 20; 237)

we depict o f as

Try g --- Tp X

v
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My(x1, ... s x) —> My(22, . . ., To; 27)

e on 2-cells:

My(81, ..., 805 85) —> Ma(sa, ..., S0;87)
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3. Cyclic double multicategories
Example MAdj

o (-cells: categories

e horizontal 1-cells: functors

e vertical multimaps: multivariable functors equipped
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3. Cyclic double multicategories
Example MAdj

o (-cells: categories

e horizontal 1-cells: functors

e vertical multimaps: multivariable functors equipped
with all left (right) adjoints

e 2-cells: natural transformations

Sy X% Sp
A1X'--XAn .

Al x
Fy //a

A3

’
XAn

17.



3. Cyclic double multicategories
Example MAdj

o (-cells: categories

e horizontal 1-cells: functors

e vertical multimaps: multivariable functors equipped
with all left (right) adjoints

e 2-cells: natural transformations

S1 X% Sp
A1X'--XAn .

! !
Al x AL

Ap®

Ag

Ap®

S5
Cyclic action on 2-cells: parametrised mates correspondence.

Axioms: functoriality of the mates correspondence.
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An algebraic weak factorisation system on a category A
is given by a comonad L and a monad R.
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4. Application

An algebraic weak factorisation system on a category A
is given by a comonad L and a monad R.

A morphism of awfs (7,,R)) (La, Ry) consists of
on A; on A,

. . E,
e an adjunction A== 4,

e natural transformations A and p inducing

1. a colax comonad map L; —> Ly from (F,\)
2. a lax monad map Ry — Ry from (G, p)

where A\ and p are related by mates.

An n-variable morphism of awfs is given by
e a functor 4; x ---x A, _ A3 with all right adjoints

e for each ¢ a natural transformation \; inducing
a colax comonad map L x -+ x L1 — R? from (F}, \;)

where the \; are related by parametrised mates.
18.



